The block-grid method see Dosiyev, 2004 for the solution of the Dirichlet problem on polygons, when a boundary function on each side of the boundary is given from C 2,λ , 0 < λ < 1, is analized. In the integral represetations around each singular vertex, which are combined with the uniform grids on "nonsingular" part the boundary conditions are taken into account with the help of integrals of Poisson type for a half-plane. It is proved that the final uniform error is of order O h 2 ε , where ε is the error of the approximation of the mentioned integrals, h is the mesh step. For the p-order derivatives p 0, 1, . . . of the difference between the approximate and the exact solution in each "singular" part O h 2 ε r 1/αj −p j order is obtained, here r j is the distance from the current point to the vertex in question, α j π is the value of the interior angle of the jth vertex. Finally, the method is illustrated by solving the problem in L-shaped polygon, and a high accurate approximation for the stress intensity factor is given.
Introduction
In the last two decades among different approaches to solve the elliptic boundary value problems with singularities, a special emphasis has been placed on the construction of combined methods, in which differential properties of the solution in different parts of the domain are used see 1-3 , and references therein .
In 3-8 , a new combined difference-analytical method called the block-grid method BGM is analyzed for the solution of the Laplace equation on polygons, when the boundary functions on the sides causing the singular vertices are given as algebraic polynomials of the arc length. This method is a combination of the exponentially convergent block method see 9, 10 in "singular" part, and the finite difference method, which has a simple structure 2 Boundary Value Problems on "nonsingular" part of the polygon. A kth order gluing operator S k is constructed for gluing together the grids and blocks. The uniform estimate for the error of the BGM is of order O h k , h is the mesh step when the boundary functions on the sides of the polygon which are not causing the singular vertices are from the Hölder classes C k,λ , 0 < λ < 1 see 3-5 for k 6, 8 for k 4, and 6 for k 2 . For the p-order derivatives p 0, 1, . . . of the difference between the approximate and the exact solutions in each "singular" part,
O h
2 /r p−1/α j j order is obtained, where h is mesh step, r j is the distance from the current point to the vertex in question, and α j π is the value of the interior angle at the considered vertex. Moreover, BGM can give a simple and high accurate formula for the stress intensity factor which is one of the important quantities from an engineering standpoint 11 .
In 7 the error of the BGM for the solution of the Dirichlet problem on arbitrary polygons is estimated when the boundary functions on the sides not causing the singular vertices are given from C 1, 1 , that is, they have the first derivative, which satisfies a Lipschitz condition. The uniform estimate of order O h 2 | ln h| 1 , for the error of the approximate solution, is obtained, and the requirements on the boundary functions cannot be essentially lowered in C k,λ . In this paper, the BGM is developed for the solution of Laplace's equation on polygons with nonanalytic boundary conditions of the first kind, that is, we remove the restriction on the boundary functions to be algebraic polynomials on the sides of the polygon causing the singular vertices. It is assumed that the boundary function on each side of the polygon is given from the Hölder classes C 2,λ , 0 < λ < 1. In the integral representation of the solution for each "singular" part, which is combined with the uniform grids on "nonsingular" part, the boundary conditions are taken into account with the help of integrals of Poisson type for a half-plane. Taking n number of quadrature nodes, n ≥ ln
1, where κ is a fixed number, for the composite midpoint rule in the approximation of the integral representation of the solution, and by evaluating Poisson type integrals with ε accuracy, the final uniform error is of order O h order is obtained. We illustrate the method in solving the problem in L-shaped polygon with the corner singularity, and we give a simple formula for the stress intensity factor for a high accurate approximation.
For the analytical treatment of singularities of a solution of the elliptic equations, see for instance 12-14 .
Integral Representation of a Solution
Let G be an open simply connected polygon, γ j , j 1 1 N, its sides, including the ends, enumerated counterclockwise, γ γ 1 ∪ · · · ∪ γ N the boundary of G, and α j π, 0 < α j ≤ 2, be the interior angle formed by the sides γ j−1 and γ j , γ 0 γ N . Denote by A j γ j−1 ∩ γ j the vertex of the jth angle, by r j , θ j a polar system of coordinates with pole in A j , where the angle θ j is taken counterclockwise from the side γ j .
We consider the boundary value problem
2 , ϕ j is a given function on γ j of the arc length s taken along γ, and ϕ j ∈ C 2,λ γ j , 0 < λ < 1, that is, ϕ j has the second derivative on γ j , which satisfies a Hölder condition with exponent λ.
At some vertices A j , s s j for α j 1/2, the continuity condition ϕ j−1 ϕ j is fulfilled. Let E be the set of all j, 1 ≤ j ≤ N for which α j / 1/2 or α j 1/2 but ϕ j−1 s j / ϕ j s j . In the neighborhood of A j , j ∈ E, we construct two fixed block-sectors T i j T j r ji ⊂ G, i 1, 2, where 0 < r j2 < r j1 < min{s j 1 − s j , s j − s j−1 }, T j r { r j , θ j : 0 < r j < r, 0 < θ j < α j π}. Let see 15
where
It can be shown that the function Q j r j , θ j has the next properties:
a Q j r j , θ j is harmonic and bounded in the infinite angle 0 < r j < ∞, 0 < θ j < α j π;
b it satisfies the boundary conditions in 2.1 on γ j−1 ∩ T 1 j and γ j ∩ T 1 j , j ∈ E, except for the point A j the vertex of the sector when ϕ j−1 s j / ϕ j s j , and except at the endpoints of γ j−1 and γ j located at other vertices.
Remark 2.1. We formally set the value of Q j r j , θ j and the solution u of problem 2.1 at the vertex A j equal to
is the kernel of the Poisson integral for a unit circle. 
Description of the Block-Grid Method
The idea of BGM for the solution of problem 2.1 is as follows. Let t j be a polygonal line which lies on T 2 j and has a positive distance from the vertex A j and curvilinear boundary V j of T 2 j , j ∈ E. The set of points T 2 j from A j up to t j is denoted by Π * j . In the "nonsingular" part of G, G NS G \ Π * j , the Laplace equation is approximated by finite difference method. On the grids located on t j , j ∈ E, part of boundary of G NS as a boundary condition, the integral representation 2.7 is used. The integrals in 2.2 are calculated with the given accuracy ε, and for the integral in 2.7 , which contains the unknown value u r j2 , η of the exact solution, a composite mid-point rule is used. The values at quadrature nodes and at the grids are connected by simplest linear interpolation or by high accurate gluing operators constructed in 3, 5, 16 . After solving the finite difference problem on "nonsingular" part G NS , as an approximate solution at any point of the "singular" part, Π * j , j ∈ E of G is defined by the same approximation of representation 2.7 . Now, we consider one of the realizations of the above-described construction of the BGM see also 5 .
In addition to the sectors T r j2 r j4 /2, and T 
falls inside at least one of the rectangles Π k p , 1 ≤ k p ≤ M, depending on P, and the distance from P to G T η k p is not less than some constant κ 0 > 0 independent of P.
The quantity κ 0 is called a depth of gluing of the rectangles Π k , k 1 1 M. We introduce the parameter h ∈ 0, κ 0 /2 and define a square grid on Π k , k 1 1 M, with maximal possible step h k ≤ min{h, min{a 1k , a 2k }/2} such that the boundary η k lies entirely on the grid lines. Let Π . We also introduce the natural number n and the quantities n j max{4, α j n }, β j α j π/n j , and θ
Boundary Value Problems 5
On the arc V j we choose the points r j2 , θ q j , 1 ≤ q ≤ n j , and denote the set of these points by V n j .
From the estimation 2.29 in 9 follows the existence of the positive constants n 0 and σ such that, for n ≥ n 0 ,
We define the matching operator S 2 at each point P ∈ ω h,n in the following way. We consider the set of all rectangles {Π k } in the intersections of which the point P lies, and we choose one of these rectangles Π k P , part of whose boundary situated in G T is furthest away from P. The value S 2 u at the point P is computed according to the values of the function at the four vertices P k , k 1, 2, 3, 4, of the closure of the cell, containing the point P of the grid constructed on Π k P , by multilinear interpolation in the directions of the grid lines. Thus, S 2 u has the expression
where u u P , u μ u P μ , and
The quantities 3.5 are given by 2.2 -2.4 , which contain integrals that usually cannot be computed exactly. Assume that the approximate values Q ε j and Q qε j2 of the quantities in 3.5 are known with accuracy ε > 0, that is,
where j ∈ E, 1 ≤ q ≤ n j , and c 1 is a constant independent of ε. 
Theorem 3.3.
There is a natural number n 0 such that, for all n ≥ n 0 and for any ε > 0, the system 3.7 -3.10 has a unique solution.
Proof. The proof is obtained on the basis of maximum principle by taking into account 3.1 , 3.3 , 3.4 , and 3.11 by analogy with 5 . 
Convergence of the Block-Grid Equations on "Nonsingular" Part
In what follows, for simplicity, we will denote constants which are independent of h and ε by c. 
4.7
From this, from 9, Lemma 2.10 and inequalities 3.1 and 3.6 , it follows that there exists a natural n 0 such that for all n ≥ n 0 , and for the given ε > 0, we obtain 
4.13
We represent the function v h on G 
4.23
u is a solution of problem 2.1 . It is obvious that a solution of problem 4.22 is unique, and w ≡ u on Π k * . As the boundary of Π k * located from the vertices A j , j ∈ E, of the polygon G is the distance exceeding some positive quantity independent of h, ψ k * ∈ C 2,λ η k * , 0 < λ < 1, and by the virtue of 4.18 and 18, Theorem 1.1 , we obtain
On the basis of 3. 1} and for ε > 0, we have 
4.27
In the case when t 1}, κ > 0 is a fixed number, and for any ε > 0, the following inequalities are valid:
Proof. Since r * j r j2 r j3 /r j2 , then for n ≥ ln on T * j , j ∈ E.
5.5
In accordance with the formulae 2.7 , 3.12 , 5.4 , and 5.5 for all n ≥ max{n 0 , ln
1}, for any ε > 0, we have 
7.4
Using the formulae 2.3 , 2.5 , 2.6 from 7.4 for the stress intensity factor, we obtain the next formula 
Numerical Results
Example 8.1. Let G be L-shaped and defined as follows:
where Ω { x, y : 0 ≤ x ≤ 1, −1 ≤ y ≤ 0}, and γ the boundary of G. We consider the following problem: is the exact solution of this problem.
We choose a "singular" part of G as
The given domain G is covered by four overlapping rectangles Π k , k 1, . . . , 4, and by the block sector T of calculating the function Q r, θ in 8.5 is presented in Figure 6 . Figures 7 and 8 show the behavior of the first-order partial derivatives of the approximate solution in "singular" part.
Conclusions
We have developed the block-grid method for nonanalytic boundary conditions of the first kind on the whole boundary, that is, we remove the restriction on the boundary functions to be algebraic polynomials on the sides of the polygon causing the singular vertices. It is assumed that the boundary function on the whole boundary is given from the Hölder classes C 2,λ , 0 < λ < 1. In the integral representations around each singular vertex, which are combined with the finite difference equations on "nonsingular" part, the boundary conditions are taken into account with the help of integrals of Poisson type for a half-plane. It is proved that the final uniform error is of order O h the approximate solution and its errors on ε, h, and a number of quadrature nodes n are demonstrated.
